Deterioration of seismic signals in the subsurface is often ascribed to variable gas saturation, micro-fracturing of sedimentary strata, density and elastic constant variations as a result of cementation/dissolution and/or facies changes, as well as to irregularities in the bedding plane surfaces. In order to glean some information from deteriorated seismic signals, use of the correlated wave behaviour between pairs of receivers has recently been suggested as a possible method for extracting information. In this paper we use variable gas saturation in the subsurface as a vehicle to illustrate the behaviour of a solution to the equation which describes the correlated behaviour of two wave amplitudes at two different spatial locations at two different wavenumbers. The solution is valid for waves from a common source passing through a medium containing spatially variable amounts of gas, being multiply scattered by the Yariable gas saturation, and with the spatial fluctuations in gas concentration around a mean value described by a Gaussian correlation spectrum. The solution also allows for finite bandwidth effects in the receivers. It is shown that (a) the spatial scale of the correlated behaviour of two waves, as well as the shape of the correlation function, and (b) the shape of the bandwidth-smeared autocorrelation function at zero separation, provide a means of determining both the depth range and the level of fluctuations in gas saturation. An observational prescription is provided to show how to extract, from seismic data, the relevant quantities for comparison with the theoretical results. We also present a simple physical picture of the basic process, as well as some rough order of magnitu '2s, to show that the parameters quantifying the size of the scattering effect fall squarely in the middle of the seismic band.
Introduction
A challenging problem in direct detection technology (DDT) concerns the behaviour of zones of deterioration (ZODs) . The problem arises naturally in discussing the behaviour of reflected seismic waves. The travel-time dependence, offset dependence, etc., have been measured and mapped for many ZODs. A task of some importance is to explain the observations. It has been suggested that the presence of variable amounts of gas saturation in the subsurface decorrelates the (originally coherent) seismic signals. The purpose of the present paper is to explore the expected behaviour of seismic waves in such a medium to see how observations should be manipulated within such a framework to compare with theoretical ideas.
In particular, we shall concentrate here on those aspects of the wave equation which describe the correlated behaviour 'of two-wave amplitudes at two different spatial positions and at two different frequencies, resulting from waves from a common source passing through an irregular or turbulent medium. We show how t o include the effects of finite receiver bandwidth, as well as presenting both frequency-and time-dependent forms of the correlated behaviour. We believe that this general method of considering seismic reflection data carries with it a great potential for expanding our understanding of subsurface conditions ahead of the drill.
A simple physical explanation of correlated wave behaviour
The major development of the theoretical work on multiple scattering reported will, of necessity, be somewhat mathematical. This is unavoidable for in the final analysis it is the quantitative details of the theoretical predictions which have to be compared and contrasted against observational data.
The purpose of this section of the paper is to provide a simple physical way of seeing how the detailed mathematical results come about so that an elementary accounting of the general results can be provided more easily.
S C A L I N G P A R A M E T E R S A N D T H E I R F U N C T I O N A L D E P E N D E N C E
The time delay, r, suffered by a seismic wave in propagating through a single region, of typical size L , and with gas saturation Se different from the mean gas saturation is L m, r=-SEcorresponding to a phase shift at angular frequency w of v KG where 0 = kV, V is the average sound speed and itK,/KG a parameter which describes the fractional shift in sound speed in the region with gas saturation Se (but see Section 3). We estimate that AK,/KG has a numerical value somewhere in the range 1-10 depending upon the precise lithology. We use 3 when a numerical value is required. For a random distribution of such regions, some with higher and some with lower gas saturation than the mean, the average phase shift of a seismic wave would be zero. But the rms phase shift after a seismic wave has travelled a distance z through such a medium (and, hence, has An initial plane wave will then have its phase front distorted as shown in the sketch below.
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The random variations in the phase front imply that the wave direction (normal to the phase front) also has a random component. Initially, the wavefront was perfectly correlated laterally so that measurements of the seismic pressure field at a lateral separation 5 would be perfectly correlated independently of the value of t . But after the random phase variations are added to the wave by the variable gas saturation, the laterally correlated behaviour is less than perfect and only over a range of i j < L/A@.,,, tc will we obtain a significant correlation, i.e. for Note that as z increases, a smaller and smaller lateral range of measurements remain correlated.
The rms direction, 0 , of angular variation of the correlated rays on the wavefront is given by The arrival of radiation at an observing point is now from a variety of directions as sketched below.
The 'spread' in arrival times, A t , at a vertical position z due to ray propagation from the variable phase front is then determined as follows. The deviation of phase (relative to some fixed datum) at an arbitrary point on the phase front is A# due to n scatterings where n z/L. The number, N, of scattering 'blobs' of size L that we can fit into a wavelength k-' is N = l/(kL). The effect of the multiple scatterings in producing an overall phase shift is measured by the product A#N. The point here is that if we can fit many small scatterers into a wavelength, then they have a larger effect than if we can fit only a small fraction of an irregularity into a wavelength. But now we must bear in mind that A@ is random. Hence, the net shift in phase per wavelength is measured by the average value of (NAG)', since the average of NAG is zero.
The arrival time of scattering radiation at an observing position 2, relative to radiation arriving on the 'straight through' path in time z / V , is then measured by
At, s which is the decorrelation time-scale, which we will meet again when computing the square of the pressure pulse structure, ~' ( 2 , xl, t ) . For times longer than Arc, the net phase shift per wavelength, (NAG)', becomes larger than 2n and the coherence is effectively destroyed so that the mean square pressure pulse declines over the time-scale At, (approximately exponentially a exp(-t/Arc)). The effect of refraction and diffraction of the waves passing through an irregularity is essentially determined by noting that the random phase, Aq5, produces a variation in the seismic wave's amplitude in the amount exp(iAq5), which for small values of Aq5 we can write as 1 + iA@ -(Aq5)'/2 + . . . Since Aq5 is random, the average effect of exp(iAq5) on the wave is approximately described by 1 -A$;,,/2 exp(-A@:,,/2) which, to within factors of order unity, is precisely the refraction term causing loss of the coherent mean seismic signal as discussed later.
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N U M E R I C A L O R D E R O F M A G N I T U D E E S T I M A T E S
We now make some rough numerical estimates to determine whether the effects are of significance in 'real' seismic situations. To do so, we replace z/V by T/2 where T is the twoway travel time, and when a numerical value is required we choose T = 2 s. We shall suppose that the rms level of fluctuations in the variable gas saturation is described by the modest value of 1 per cent, i.e. SE,,, lo-'. We shall also take the correlation length to be equal to a seismic wavelength and so write kL = 2n. And for the seismic frequency, we choose 20 Hz (w z 120 s-l). When needed, we shall choose a seismic velocity of 7000 ft s-l . The ratio of AK,/KG is somewhat more difficult to estimate since it depends upon the mean value of the gas saturation and upon the type of rock and its porosity. To make a simple estimate of the scattering parameters, we choose AK,/KG = 3.
Then the rms phase shift is about AQrms 1 4 5 " ; the lateral scale length, t c over which we might expect measurements to be correlated is about (, 500 ft; the scattering angle Here wD is the angular decorrelation frequency, OD = 150 s-l. The point we want to stress here is not the precise numerical values (they can be altered by changing to different estimates of the seismic and subsurface parameters), rather it is that the values are sited in the range where they might be expected to have a noticeable effect on seismic signatures.
The rough estimates for the relevant scattering quantities are not discordant by orders of magnitude with values needed t o influence seismic signals.
The predicted effects imply: (a) that lateral spatial correlation can be expected to diminish noticeably over receiver separations in excess of some 500-1000 ft; (b) that above about 25 Hz, the amplitude can be expected to decline with frequency, f, rolling-off in a roughly Gaussian manner as exp(-lf/(25 Hz)] '); (c) that the amplitude at a receiver should vary with time as sketched in Fig. 2 with a decay time of about some 25 ms.
Thus there are grounds for expecting that observations of the correlated behaviour of reflected seismic waves should enable us to infer the subsurface range of positions, and the amount of the variable gas saturation, causing a zone of deterioration of seismic signals by measuring the lateral correlation length, the decorrelation frequency and the amplitude decay time and, hence, determining the scattering parameters. We shall show how to do this later in the paper.
After this simple physical overview we turn now to a more quantitative representation.
3 General mathematical considerations
In a medium of density, p , and elastic 'constant', K , the relation between time-dependent pressure fluctuations, p , and particle displacement, v , at an instant time, t, at position x is provided through Newton's equation:
av a t p -= -v p
A constitutive relation connecting pressure and particle velocity, which allows for a partial 'memory' of the system, is often provided in the form (2) Fourier transforming equations (1) and (2) with respect to time (with the dependence exp(-i w t ) ) yields the transformed equations,
and Eliminating v in favour of p between the pair of equations ( 3 ) and (4) Now as has been shown by Gassman (1951 ), Geertsma & Smit (1961 , Domenico (1974) and Shuey (1975) , when partial gas saturation occurs in a rock both the bulk density and the (6) P K elastic constant are modified. For small amounts of gas saturation (< 20 per cent), the effect of the gas is to provide an extremely large range of variation in the elastic constant relative to that which occurs in the bulk density. For the purposes of examining the correlated behaviour of two-wave amplitudes, we shall suppose here that the density can be treated as a constant and assume that the dominant influence on the wave is provided by the variations in the elastic constant. On this assumption, the wave equation (6) reduces to the form, V 2 p + p w 2 p / K = 0.
As has been argued by Gassman (1 95 l), Geertsma & Smit (196 l), Domenico (1 974) and Shuey (1975) , the basic influence of partial water and gas saturation on the fluid's effective elastic constant is provided harmonically, so that the contributions of the water, and the gas add arithmetically to l / K f l u i d . In terms of the elastic moduli KR, K,, K , for the rock matrix, water and gas respectively, and of the porosity, cp, and percentage water saturation S,, the effective elastic modulus for the fluid components is given by Crudely speaking, K , is much smaller than K,, so that the behaviour of Kfluid is controlled predominantly by the last term on the right side of equation (8), unless the water saturation is very close to 100 per cent when the gas term is small. Thus, a small change in water saturation, near 100 per cent water saturation, has a large effect on the effective elastic constant. This is the basic cause of the bright spot phenomenon.
Here we want to explore a different set of attributes of the strong dependence of the elastic constant on a small gas concentration. We wish to look at the case where the gas fraction throughout the sedimentary column is variable due t o leakage of the gas from a reservoir or a source rock.
To examine the influence of such gas leakage, we suppose that the water saturation is close to 100 per cent. We write
where ( E ) is the mean gas saturation (which for illustrative purposes we take to be constant), and where tie represents the fluctuations in gas saturation around the mean value and the fluctuations have zero mean value, i.e. ( 6~) = 0. Then we can write
where the fluid's harmonic mean elastic constant, K , , is given by 1 1
For ease in mathematical development, we shall take K , and K , to be constants.
The total elastic constant of the medium composed of rock, fluid and gas can then be determined following Shuey's (1975) prescription. For our purposes, it is sufficient to note that the effective sound speed of the seismic wave is changed by the fluctuations in gas saturation. The effect on the wavenumber, k , is to allow it, too, to fluctuate proportionately to the gas fluctuation, 6e, and also t o l/KG which accounts for the absence of an effect if K , = K,. To mimic this composite behaviour, the wave equation (7) can be written in the
where k 2 = w 2 / V z , and with V , , the sound speed in the nearly saturated medium when there are no fluctuations in gas saturation. The numerical factor A (of order unity) is introduced to accommodate the fact that the elastic modulus of the rock incorporates h + 4/3p (LamB's constants). Now 4/3 p is usually not small compared with X. Shuey (1 985, private communication) has pointed out that 4/3p is often larger than A. We model this concern by using the numerical factor A since our main thrust is to demonstrate how changing gas concentration scatters seismic waves. Our interest centres on exploring the effects of the spatial fluctuations in the gas saturation that are produced on the pressure wave. That velocity fluctuations do occur in nature is exemplified through the work reported by Banik, Lerche & Shuey (1985a) and Banik et al. (198513) and copious references therein. Cycle skipping probably means that the log velocities reported are not completely unambiguous but, nevertheless, the velocity undoubtedly fluctuates.
C O R R E L A T E D W A V E B E H A V I O U R
Our task in this section of the paper is to obtain the basic structural influence. Later, we shall modify the basic results to allow for finite spatial domains of variable gas saturation, for reflections and for finite bandwidth effects.
Consider, then, a wave propagating in the tz direction (of an (x, y , z ) Cartesian coordinate system) where z measures depth into the subsurface from the sediment-water interface. Write p ( x , a) in the form
and, under the 'quasi-optics' or 'parabolic' approximation, the term a2 U/az2 that would result by substituting for p ( x , w ) in equation (1 1) is neglected (see, e.g. Born & Wolf, 1964; Tatarskii 1971 ). The parabolic approximation forms the basis for most of the investigations of correlated wave behaviour that have been given to date. The resulting equation for
where a2 a2 ax2 ay2 v;= -+ -.
In Appendix A (see Microfiche GJ86/1) we present solutions of equation (13) for the mean pressure field, ( p ( z , X I , o)), and in Appendix B we present the details of the mathematical development for the correlated wave behaviour ( p ( z , xl, o l ) p ( z , xl + EL, w 2 ) ) .
Even though we need the results in order to estimate the effects of finite bandwidth averaging (see later) on the correlated wave behaviour, we have deliberately relegated this mathematical work to the Appendices because the development is somewhat technical in nature and detracts from the main points being addressed.
Using where A o = V, Ak,
In terms of an angle OSc (see Fig. l) , which measures the raypaths contributing to the mean square pressure field through equation (14), if we write , $ = R sin 0 and z = R cos 8 (see Fig. 1 ), then for small angle scattering (such that 8 e 1, i.e. 4' e z ) and with A w = 0, we
If we write the exponential in equation (1 5) in the form then the scattering angle OSc. sketched in Fig. 1 , is given by Note that OSc is inversely proportional t o the frequency (through k-'), i.e. at lower frequencies a greater angular range contributes to the scattered intensity. OSc is also inversely proportional to the 3/2 power of the distance the wave has travelled into the turbulent medium implying that fewer and fewer raypaths contribute to the correlation of two amplitudes as the wavefront proceeds. Eventually, then, the intensity is the same at all lateral positions, but the phase of the wave is completely uncorrelated from one lateral position to the next, i.e. an initially coherent amplitude wave has been coverted into an incoherent amplitude wave by the multiple scattering.
E V O L U T I O N O F A P R E S S U R E P U L S E WITH TIME A N D D E P T H
Consider the pressure intensity at some lateral position xl and at some depth z into the medium (i.e. set l = 0 in equation (14)). Then the mean intensity is given by
where p(ol ) will be explained later. Now our original premise was that a plane wave was incident normally at z = 0 on the turbulent medium so that the pressure p(z, xl, t ) on z = 0 is proportional to a &-function.
The square of the pressure would then be proportional to the square of a &-function -a difficult proposition t o handle mathematically.
Practically speaking one cannot generate a rigorous &-function. Instead, one generates a travelling pulse of pressure. Perhaps the simplest way to handle this minor technical problem is to replace p(ol) by exp(-w:a2) so that if m were set t o zero (no turbulence), then the intensity would be given by 
Two simple limiting forms of equation (19) has varied much at all. Under such a condition, the pressure intensity is given by which represents a pulse travelling at speed V,, but whose width constantly increases the deeper the wave penetrates into the turbulent medium. (b) If c4 B b , then the term exp(-by4) hardly varies much before the complex secant term has become exponentially small. In such a case, we can write equation (20) I v*t -z I < c 2 .
(22)
Now since b a z , and c z , it follows that the requirement b >> c4 requires that z be smaller than a critical value z C r i t , for validity of equation (22) . In other words: as the coherent seismic wave starts to move into the turbulent regime, the initial effect of the scattering is to broaden the pulse for z 5 z,it, but without changing its shape significantly. However, as the pulse moves further into the medium (z 2 zcrit), the multiple scattering effects of the multiangle paths start to accumulate to the point where they seriously distort the original pulse shape. A sketch of the pulse behaviour for z 2 zC,it is shown in Fig. 2 .
The effect of finite bandwidth
We have derived the basic wave behaviour under the quasi-optics approximation for both the mean pressure wave (Appendix A, see Microfiche GJ 86/1) and also for the correlated behaviour of two wave amplitudes expressed as functions of the wave frequency (Appendix B, see Microfiche GJ 8611). Hydrophones and geophones have a broad bandpass, accepting information normally over a range of frequencies from about 5 to 80 Hz. We can use this broad-band capability to convert the receiver output to narrow-band information which we can correlate laterally. By varying the narrow bandwidth we can obtain comparative spectral information which helps us to glean more attributes of the variable gas saturation than we would otherwise get from comparisons solely of the broad-band output of the receivers. For observational reasons, our interest centres here on two measurable quantities related to the scattering of seismic waves by fluctuations in the gas concentration. They are:
(i) The cross-correlation at different lateral spacings and different filter frequencies of the amplitude fluctuations measured with a bandwidth response function G(w):
where K denotes the bandwidth function characteristic (see equation ( 2 9 ) below).
which provides a measure of the intensity of the scattering.
We will show how to obtain these quantities first from the theory and then from seismic records so that a direct comparison can be made between theory and observations.
Using the solution for Note that as z increases, the angular frequency decorrelation scale wD a z -~ so that for a fixed bandwidth, Aw, K increases a z 2 . Likewise, the lateral spatial decorrelation scale decreases 0: z-l/' implying that fewer and fewer waves contribute to the correlated response at a fixed separation t , i.e. the originally coherent wave is gradually losing its phase coherence.
Note that the term The behaviour of Q A as a function of the lateral spacing t; is sketched in Fig. 4 for various values of the bandwidth function characteristic K . So far, the calculations of correlated wave behaviour have been carried through treating the originally coherent pressure wave as being normally incident on the scattering medium (i.e. we wrote p=exp(ikz)U). But if the incident wave encounters the scattering medium at an angle @, we should write the pressure wave in the form
In such a case in place of equation (13), we obtain au (35) Bearing in mind that the scale of variations of 8e in the z direction is taken to be much smaller than in the transverse directions, for small angles of incidence, q5, we can ignore the term sin q5 (aU/ay) relative to the term cos q5 (aU/az). The resulting equation can be written We recognize that this equation is identical to equation (13) with the replacement of z by z sec $. If we trace through the calculations of correlated wave amplitude, ~e find that they too possess the same functional form as for the normally incident case except for the replacement of z by z sec $. Thus, the narrow band correlation function result given by equation (27) remains of the same form provided we write
The results for the mean pressure seismic wave (Appendix A, see Microji'che GJ 86/1) are then to be replaced by
Having explored the basic behaviour of the influence of fluctuations in gas saturation on the correlation of seismic waves, we now ask:
How do we use these resuits in practice to glean information concerning the properties of the subsurface?
An observational methodology
While the results presented in this paper are concerned basically with the theoretical implications of correlated seismic signal information, nevertheless it is appropriate to comment on how one could go about measuring each of the relevant quantities so that we can have an observational basis, not only for comparing theory and observations, but also for extracting the relevant subsurface parameters related to the multiple scattering effects of the variable gas concentration.
Consider a shot and a set of N broad-band receivers, at offsets x1 . . . X N , as sketched below.
As a result of the shot, the receivers will record a broad-band pressure signal R(xi, t )
R E C E I V E R S
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(i = 1, . . . , iV) (e.g. a hydrophone will record information in the band from about 4 to about 200 Hz).
Each of the recorded signals can be moved-out to remove the effects of propagation delay. The result is a moved-out broad-band pressure signal RmO(xi, t ) at each station. If the moved-out traces are then subjected to a progressively moving window, the windowed traces essentially record information from a narrow range of depths. The result is a pressure signal Rmow(xi, t, T, AT) at each station which depends on the time position, T, and width AT of the sliding window -with time position T being our measure of subsurface depth.
Each of the processed traces can then be Fourier transformed within the limits of the window width's Nyquist frequency,* i.e.
Now each receiver picks up the returning seismic pressure pulse and then convolves it with the bandwidth response of the receiver. Assuming all receivers are identical and so have the same bandwidth response, and assuming further that a receiver's response to an impressed pressure pulse is linear, we can then write (See footnote ; also see textbooks on cross-spectral estimation and receiver bandwidth limitations on data.)
We are now in a position to show how t o compare the observed correlated behaviour of seismic waves with the theoretical predictions. As we have seen in previous sections, at angular frequency Q, theory provides the correlation function
*We should point out that while we have written the Fourier transforms as integrals, the invocation of a time window A7 forces the signal in the frequency domain to be convolved with sinc ( w a r ) implying that one cannot choose an angular bandwidth Aw smaller than AT. Further, the discrete nature of Fourier transform routines implies that, in reality, the integral in expression (383) is a sum over discrete angular frequencies which are separated by AT. While such effects most certainly have to be recognized and dealt with during numerical implementation of the theoretical ideas expressed herein, our main emphasis is t o present the outlines of a method for constructing from data the quantities which are relevant for comparison with the theoretical formulae. Accordingly, while we are aware of the technical problems caused by time windows, etc., we choose to eschew a more detailed discussion of them here in the interests of clarity of presentation of the underpinning ideas. We can obtain estimates of the behaviour of these quantities from the structing Now the theory presented in the previous sections of the paper indicates the behaviour expected of the correlated behaviour of two amplitudes having passed through the variable gas saturation region.
Thus: the evolution of M ( R , $, z ) indicates that, at any fixed depth z, M should be essentially dependent solely on the bandwidth characteristic function K (ignoring the refraction term in equation (31)). Hence, we can determine that K value (for a given angular bandwidth A w ) which permits the theoretical fluctuation index, M , to match as closely as it can to the value of M determined from the data at a given depth z (a given window position 7 ' ) . Let this value be
Likewise we note from equation (27) that QA depends upon the parameters K and tC (again ignoring the refraction term). Hence, for a given value of K , we can determine the value of tc which permits the theoretical narrow-band correlation function Q(z, l, K ) to match as closely as it can to the value of Q determined from the data at a given window position T . Let this value be Now as the window position, T , progressively moves down the traces, we produce a sequence of values of K M ( z ) and t c ( z ) . For those early time components of each trace which have not sampled the subsurface region where the gas leakage is producing the variable gas saturation (so that m = 0), we expect KM to be very small and tc to be very large. In principle, tc should be infinite and KM should be zero but, in practice, noise in the data will provide a finite value for tc and a non-zero value for K M . As the window moves progressively down the moved-out traces, it will start to cover those sections of the traces which have passed through the variable gas saturation region. Then as m increases, we expect KM to increase markedly and tc to decrease markedly as sketched below.
Since every later section of each trace must also have passed through the variable regime, we expect that both the decorrelation scale g, and the bandwidth characteristic function K should tend to essentially constant values once the window time, T, has moved beyond the bottom of the gas leakage zone. we see that estimates (44) a n d (45) provide us with a measure of the rms level of fluctuations in gas saturation with from equation (44) and from equation (45) . Note that in both cases, Ae a ( L / A z ) ' /~ so that the rms level of the variable gas saturation is not sensitively dependent on the correlation length, L .
The degree of uncertainty in the estimated values of the variable gas saturation can be found by determining the degree to which the rms level of gas saturation varies as determined from equations (47) and (48).
In short: the observed variation of seismic traces with offset from a single shot can be used, in principle, to infer (a) the depth of the multiple scattering region, (b) the thickness of the multiple scattering region, (c) the rms level of the variation in gas saturation in the scattering region.
The present section has been concerned with providing a method of employing the data to show how to make the connection between the multiple scattering theory presented in earlier sections and observations of reflection seismograms.
In the event that the refraction term is not ignorable (as we have supposed here), then it is of interest to note that by varying the angular bandwidth, Aw, we change the bandwidth characteristic function K . Thus, the refraction term can be encompassed within the general framework of the methodology described here, by calling upon the extra degree of freedom we have at our disposal because of the bandwidth control imposed upon the broad-band observations of the correlated behaviour of two seismic waves.
Hence: the information contained in the correlated wave behaviour resulting from (a) the depth range of variable gas saturation; (b) the rms value of the variations in gas saturation; (c) the spatial correlation scale of the variations in gas saturation (i.e. the 'size' of the 'blobs' of gas).
Numerical code will enable us to compare the observational data with the basic theory, along the broad lines set down in Section 5 dealing with an observation methodology. Such a comparison has the potential to provide us with firm measures with the depth of extent and the amount of gas saturation.
Knowledge of these parameters and their variations with subsurface position would go a long way to help us not only to understand ZODs caused by gas saturation, but also to point towards the most likely direction of supply of the gas from a knowledge of its subsurface spatial variation determined from correlated measurements.
These factors could also prove invaluable in improving our capability of finding hydrocarbon accumulations. multiple scattering of seismic waves has the potential to provides us with:
